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I. INTRODUCT ION

Many laser systems operat i ng in the atmnsphere can be degraded by
atmc~pheric turbul ence. Fcr example, target-illumination systems, com m unication
systems, radar systems, and ot hers may be severely aff ected by turbul ence eff ects
incl uding beam sci ntillation. For th is reason a considera ble effort has been made
to understand and correct for these tur bulence eff ectsW. These atmnspheric
correc ti on eff orts are based on determining the phase distortions introduced by
turbulence and correcti ng them at the laser aperture. The theory tha t has been
developed along these lines to date has been in the regime of weak turbulence only,
where the beam wanders as a whole and does not break up i nto multiple patches or
blobs. Under this condi tion a correction for wavefront tilt leacis to a considerable
i mprovement of on-axis irradiance .

In this paper , we are concerned with the effectiveness of this tilt correction
as the effects of turbulence becom e m ore prorounced (i.e., where in fact the beam
breaks up into multiple pat ches). To this end we develop form ulae for the mean
square beam wander angle of a focused laser beam transmitted t hrough a
hom ogeneous-isotropic (e.g., constant al titude) atmc~phere under both weak and
strong turbulence condi tions. We fi nd that tilt correction is of mar gi nal benefi t (at
best) under strong turbulence conditi ons. Since atmnspheric phase aberrations
must be corrected at the laser aperture , the phase of a spherical wave emitted
from a source in the f ocal plane of the l aser is m easured and the tilt of this wave is
determined. The “negative” of th~ tilt is then used as the correction. It is shown
tha t differences exist between the wander angle of the transmitted laser beam and
the tilt of the received sph erical wave. These differences exist since it is not
p~~sible to collect the enti re field due to the poi nt source in the laser aperture
plane. However, in practice these differences appear to be small indicating that
the method of til t correction is useful.

In this report we will use the centroid as a definiti on of wander angle or tilt.
Since mc~t athptive optical systems measure “phase” and define the til t in terms of
a least squares fit over the aper ture, it is of interest to determine the correlat i on

-5—
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of the til t defined by the two met hods. We have only been able to do this in the
weak turbulence regime where the correlation between the two metho is is found to
be nearly 100%.

Engi neering formulas are also developed for quick calculation of wander
angle and peak on-axis irradiance of the transmitted beam for which a tilt
correcti on has been made. These formulas are simpl e enough tha t hand calculation
suffices.

In the next section we will define the regimes of weak and strong turbulence
and bri efly describe the results of th is work for thc~e who are not interested in the
theoret ical details. In Section III we will derive general expressions for the 2—axi s
mean square wander an gle for bot h the trans mi tted laser beam end the received
spherical wave. Specific derivations for the two cases will then follow in Sections
IV and V. In Section VI we will deri ve the correlation function for tilt defined in
terms of the centroid and the til t defined in the least squares sense. Finally in
Section VII we will present engineering form ulas and comment on thei r appli ca-
bili ty.

-6-



U. DEFINiTION S AND RESULTS

An optical beam interacts with atmospheric refractive i nhomogeneities of

all scales. Turbulent eddies having characteristic dimensions greater than the

beam diamet er lead to refracti ve effects (beam wander) ; these large-scale

inhomogeneities lead to net wavefront tilt. Con versely , eddies having character-

istic dimensi ons less than the bea m diamet er lead to diffractive effects about the

i nstantaneous center of energy. The small eddi es cause the primary amplitude

eff ects on the wavefront . These eff ects become more pronounced as the strength

of turbulence and/or propagation range increas es. A quantitative measure which
separates the regions of weak (amplitude effects negligible) from strong turbulence

(strong amplitude effects) is given by the first order Rytov log-amplitude variance

of a spherical wave which for constant altitude propagation is given by~
2
~

= 0.124 k7
~
’6z11”6C~ (1)

where k = 2 ir /X , A is the opti cal wavelength, z is the propagation range, and C~ is

the index of refracti on structure functi on. As is well known, the 1og~-amp1itude

variance saturates to a value close to unity as the propaga tion range and/or
i ncreases. Equation (1) does not behave in this manner; however , the propagat i on

ran ge dividing weak from strong turbulence can be defined by setting (4 = 1. This

range is referred to here as the saturation distance and is given by
6/11

= 

[o.i~ k7/6c2 ]  
= 

(c~)6”
~
1k7

~~ 
(2)

A plot of this saturation range vs wavelength with C~ as a parameter is

shown in Fig. 1. As is seen from this figure, amplitude effects are m uch more

pronounced for short wavelength lasers. A measure of the phase degradation of a

wave is given by the lon g term lateral coherence length of a spherical wave,

defined by~
3
~ the detector separation at which the mutual coherence functi on M(p )

= e4, i.e. 
o

-7- 
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‘1

2p 0(z) = (0.545 k2C~z) (3)

We have plotted p0(z5) vs wavel ength with C~ as a parameter in Fig. 2. As can be
seen from this figu re, p 0(z 5) is consi derably smaller tha n the aperture diameter for
most cases of interest. We will also define two dimensionless parameters in which
the results of this paper are expressed. These are the ratio of the laser or
receiving aperture diameter to p0(z5) and the normalized propagati on range, i.e.,

E D/p 0(z 5) ; z~ = z/z~

Finally, to compl ete our definitions, we present a plot of C~ vs altitude in Fig. 3

which is useful in calculating various cases for the wander angle. The model shown

C~ = 5 ~ 1o
14 Hi0

~
8737 1 � H � T—2000

T<. H ~ 00

= 8 x 1 0 4? T—2000 < H < z T (5)

where the un its of H are in met ers, C2 is m 2”3, and T is the altitude of the

tropopause. Other models for Cn exist , notably those developed by Huf nagel.
With these definiti ons we now present the results of the present study. The

2-axis mean square wander angle of a focused laser beam under weak and strong
turbulence conditions vs the aperture obscuration ratio 6 is (the 1-axis value is

equal to one-half the corresponding 2-axis value)

<OT>weak = 2 f  x M 6(x)e x Dx 
dx (6)

9ir D2k2( 1—ö 2) 0
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<OT>strong = 

2 
~ .[ x2”3 [i 

_ (Ex)5I3] M6 (x)exp [_2(Ex)5/3z~]dx
9 ir(kD) ( 1—6 )

(7)

where I) is the apert ure diameter , M (x) is the aperture mutual coherence function
given by

M 6(x) = cos~~x -x + 
[o

2 cos 1 (~) -x 4~~x2]H(6_x)

- ir 62H (~j~ _x) + a o 2_~2 
+ 4 x~sin 2 a [cot( a -~)-cot a] f

~ H(x -~j .~)H(~j Lx) (8)

— _ 1(1+4x2_ 62
e c o s  \ 4x

a = cos~~ (1
4X 2;62)

H(x) = 1 x �0
= 0  x < 0

and B~ is the log-amplitude correlation function of a spherical wave. Under all
turbulence conditions Clifford has shown~

7
~

11/6 1
I

. Bx(Dx) = Cx(Dx) = 2.95 z~ ( du [uu-u)] 
~ç’ 1~~ -sin 2y

x exP
f 

_z
n

h hl6[u( 1_u)]
5’6

F(Y)j J [2.~~ 
(~

L)1/
2I

F(y) = 7.02 y5”6 f  d~f
8”3 i—j (

~)
0.7y 0
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If we apply asymptotic limits to both the weak and strong turbulence conditions we
can obtain a connecting form ula which appears to be valid for all turbulence
regimes. The resulting expression for the 2-axis mean square transmitted wander
angle is

400 z ~ 5/3 0.5z 11/ 3( 1 6 2)n A(o) n
‘ T’ — 2 

~~ 
11/3 ÷ 20 5/3

9,r(1-62) (kD) 2 Z E z A

where

A(ö) = 
/x

2’3M5
(x)d x (11)

~ 0.275 — 0.989 6 2 2 9  0 � ö � o.~

For the received spherical wave case, the results are essentially identical to
the transmitted laser bea m case, except under strong turbulence conditions (z~~z5)
for which

= G (9~) (12)

where

Co ( l \
I

G = 

~ [1-
~ ~~~ 

(2i+lfl!

F ~ 481 /5 (2E ~
I
~z j

6
~

5

and ris the gamma functi on. Note tha t F is the normalized variance of received
power collected by the aperture due to the spherical wave. This variance is
generally very small for strong turbulence (due to aperture averaging) and an

• asymptotic expression exists for G:
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TI”

Gasym = 1 + 3F + 15F 2 
+ . . . (13)

Noting that the fi rst order correction to 0 decreases as z ~~~~~~~~~ and that similar
contributions were neglected in deriving the strong turbulence limits of we
can conclude that (O

~> = (9~ ), to a numerical factor of the order of unity.
As indicated above, for adaptive optical systems there is interest in

determining the correlati on between the wander angle defined by the centroid
and the tilt ~ defined by a least squares fit of the phase over the aperture, as

• defined by Fri ed . Note is used to obtain (8T> For weak turbulence
conditions, i.e., z � z5 we find that the correlat i on is given by

• 

- _____________ - 1 x M 6(x)dx

p C ‘
~‘~ 

N~~ ’2 [f x2
~
’3Mö 

(x)dxlj hh
s2

where

N6 
= ~~~~~~~~~~~~~~~ 

(
1 + o 23 ’3) + 

3.1(14.6
)
11/ 3 4

1+6

H and 

!f ~~~ 2T(E ~~, a, ~ )d~ } (15)

+ 16 ~~ sin4a (cot — cot + cot 3
~ 

_ cot3a)

—~ 4~~
4sin3a 

~ 
(esc2

~~- csc3a ) + s in  a(cot 0-cot a)]

-14-
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with ~ = a - 
~~, and a, ~ being defined in Eq. 8. For no obscuration

C ~ (0) = 0.9919 while at 6 = 0.7, C (0.7) = 0.9602, indicating a high degree
H 9c”p e p

of correlation for weak turbulence conditions for all cases of practical concern.
Due to mathemati cal complexity we have not been able to determine the results in
the strong turbulence limit. However we expect the correlation to decrease as
turbulence increases since the phase becomes uniformly distributed over 2w. A
measurement of phase using an interferometer may therefore be meaningless under
strong turbulence conditions.

• Finally, an engineering formula for 1rel is given. This quantity is the ratio
of the peak corresponding on-axis irradiance with tilt correction to the correspond-
ing on—axis irradiance in the absence of turbulence. We find that

T 2 F(0 2,z )
1rel = vac 

2 
B n 

, (16)

where

9vac = 2 X / w D ,

= 
~~ac [m

2 
+ 

~~~~~~ 
+ 0.5 (2~~51~6 

- 

~~~~~~ 
€ 51’3z~~

J 

, (17)

I 400z
1(6)

• —0~ ÷ .~ 11/3
2 e n
B~ Zn — 

1+ z 1113

= ~.si x io 2 E5’~
3
~~~,
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T is the atmospheric attenuation coefficient due to all inherent linear ext inction
characteristics of molecules, aerosols, clouds, etc., 9~ is the 2-sigma mean square
jitter angle, m is the aperture diffraction limit performance factor (m is unity for
a perfect aperture, it is usually bigger than 1 due to imperfections in the aperture
or aperture illumination), and 9.~, the laser beam mean square wander angle, is
defined in Eq. 10. In the next section, the mean square angle of arrival will be
defined in terms of the centroid and the general expression derived for both the
transmitted laser beam and received spherical wave cases.

-16-
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Ill. FORMULATION OF WANDER ANGLE

We are i nterested in treating two wander angle problems. The firs t is the
determination of the mean square wander angle of a transmitted laser beam in the
far fiel d or focal region of the laser aperture (F raunhofer regime). The second
problem is the determination of the mean square angle of arr ival of a spherical
wave generated by a point source in the laser target plane and observed by the
same aperture generating the laser signal. These problems are treated statistically
with angl ular fluc tuations caused by the rando m changes in the index of refraction
of the atmosphere due to temperature variations. it is assumed that the index of
refraction fluc t uations are isotropic and homogeneous and can be described by the
Kolmogorov spectrum. The strength of turbul ence is described by the index
struc t ure constant C~ which is assumed to be independent of propagation distance.
The extensi on to non—unifor m turbulence conditions is stra ightf orward.

For both cases under consideration the optical field in angular coordinates
(a , j3) in the focal plane can be represented

ikR
U(a , ~) = ~~ 

e 
R ~ )W(fl , 4 )e ’~~~~ 

+ 

~dflc1~ (18)

where U0(77, ~
) is the field at the p osi tion (‘1, ~

) in the aperture plane due to a
spherical wave from a poi nt source l ocated in the laser target plane (note tha t the
point source is located at a posi ti on denoted by (a , jl ) in the transmission case),
w(J i, ~

) is the aperture weighting function , k = 2 w / A , R0 is the far field “focal”
distance, and E represents i ntegration over the clear aperture area. In the
transmission problem the weighting functi on includes the field distributi on of the
laser beam incident on the aperture. For both cases under consideration we will
assume that the weighting function , except for obscuration, is uniform , i.e., W(71, s~)
= 1. Non—uniform weighting introduces extra terms in the analysis which will be
presented but not carried as we compl ete the analysis. The angular distribution of
intensity is given by the product U(a , ~)U~ (a , 13):

-17-
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I(a , 13) = UU~ = ~
2
2ffffu0(vi~4 )u 0(,i ; ~‘)w(~,4 ) w ~(?7 ’, ()
o~~~~

e_ Ik
~~~~~~~ 

+ ~~ ~~
1dfld?7~1 4 d~ ’ (19)

The angular coordinates of the center of gravity (centroid) in the focal plane
for both cases of interest is defined as

a 
ff

I(a~t3)adad 13 
ff

I( a~J3)adad 13

° 
fii( a ,~ )dadP ° 

j 7 i ( a~a) da da

where the integrations are carri ed out over the entire focal plane. Let us fi rst
evaluate the integral in the denominator.

For the transmission case the denominator , by energy consi derations , is the
total power emitted by the aperture. For the receiver case

f f ia~t3) dad ø = 2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-00 

4ir R

x 
~~~~~~~~~~~~ 

+ 
~~~~ dadØ

= 4_
,ffJU 0(?J~ )l 2Iw( 17~4 ) I2 d17d~

(21)

Th is is the power intercepted from the point source by the aperture. This quantity
is not a constant but varies in a statistical manner and hence mist be included in
any ensemble averaging process. The evaluation ol the numerator follows in a
similar manner:
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j ”I(a~13)dad 13 = 2 2  Jjjf w(1l,~ ) W ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,4 ’)

X ~~~~~~~~~~~~~~~~ dad 13 (22)

For the receiver case U 0 and U are independent of (a ,13) and this term can be
removed from the integration. For the transmission case an argum ent can be made
that if k 1/~~~+13~ D > 1 then the exponenti al terms oscillate very rapidly givi ng
zero contribu tion. This means that significant contributions to the integral occur
only for angular coordinates such that V~ 2 + 132 

~ ~~~~~~~~~~~~ However ,
U0(fl,~ )U 0( 17 ’, ~

‘) vari es on scales of the order of ~~~~~~~~~~ where p0 is the lateral
coherence length.~

3
~ For D > p 0, which is the° case of interest here,

U0(77,4)U 0(?7’,4 ’) can be considered independent of a , 13. This again impli es that
these terms can be held constant for integration over a , 13; i.e.

oo
~EU (17,~ )W~.P7,~ )J

fJa
I(a~ø)dad 13 = ~~~~~~~~~~~~~~~~~~~~ ~ d?7d4 (23)

-00

This is obtained by noting that~
2
~

J e~ u~~da = 2 w 5 ’(u)i

At this point we &op the aperture functi on WQ7 ,~ ) assuming it has a zero gradient
and noting that its inclusion results in an extra term in the numerator .

The mean square wander angle for the transmission case is then equal to

= <a~ +132 ) = _i
~
_ ~~~~~~ ~~~~~~~~~~~~ (24)
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where P is the power transmitted by the aperture, and () indicates the

ensemble average. The corresponding mean square wander angle in the receiving

case is equal to

2 1 ~~ u (r)[VU~(r)].F~ U (r ’)JU’~(r ’)
<OR > = T i i ( ° 

— 

) drdr ’ (25)
k JJ (fUjp)u0(2)dp)

We consider these cases separately below.
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1

I\l . FAR-FIELD MEAN SQUARE WANDER ANGLE OF A TRANSMITTED
LASE R BEAM

To obtain the mea n square wander angle for the transmitted li er beam the
ensemble average of U0(r)[VUJr)J . [VU (r ’)1U0(r ’) is required. This average can not
be determined over all turbulence regimes si nce the field statistics are not known
for the intermediate turbul ence strength reg ime (i.e., z5 

— 1). Instead we consider
the regi me of weak turbulence conditions (z5 << 1) for which the field statistics
are known to be log-normal and the case of very strong turbulence conditions (z5
>> 1) for which the field statistics is known to be normal. We then use a smooth
connecting formula to obtain results which we postulate are valid over all
turbulence conditions regimes.

A. WEAK TURBULENCF RESULTS

In the weak turbulence conditions regime the field statisti cs are log-
norm Therefore we let

U 0(r) e”1’~.!) = efl.!) + iS(r) (2 6)

where X(r) is the log amplitude and S the phase of the spheri cal wave from a point
source located in the target plane. The required ensembl e average is then
rewritten as follows:

Uj r)[VU 0(r)J.[9U (r~)JU *(rF ) = lim !r V~~< U0(r 1)U~(r 2)U 0(~~)Uj~~)>, (27)

where we have taken the gradients outside the ensembl e average by the use of the
limit operati on. The validity of this approach will be demonstrated in the section
on strong turbulence. Writing the field in terms of the log-amplitude and phase,

the fourth order correlati on function in U0 becom es
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= (exp[X(r 1) ~ Xfr 2) +X ( r3) ~x(~~) + iS(r1)

- 15(r 2) + 15(r 3) — iS(r4)J ). (28)

For a X and S which are norm ally distri buted , it can be shown to second order (in
the exponent) in the i ndex fluctuati ons that (eq’) exp[(~1’> + ~( J)... (~i~) )

2)~)
Theref ore the fourth order correlation is given by

exp -
~~ [ ‘~ 1(I!l-r2I) + D~~3-~I) + D~,(Ir 1—~~g ) + D~ (I~2-~3I)

— D~p(Ir 1—r 3~) — D~p(Ir 1—r~j ) + 2B
~ (I r i —r3~) + 2B~,(I r 2 —~~)

+ 2i((S)4Ir 1—r 3~)> — (SX(1r2-r41)>] j (29)

where D~p is the wave struct ure fun cti on, B
~ is the log-amplitude correlation

function, and SX is the correlation between the phase and log-amplitude.~
2
~ Taki ng

the gradi ents with respect to coordinates 2 and 3 and perf orming the limi t
operations we obtain that

lim !2~ V3F(r1, r21 r3,~~ ) = {- ~V2 D,~~r-~’I) +4 [B~ (lr~r’~ 12 +4(SX
~

Ir
~
rh l )J 2 1

x e~~[4B~ (!!_!’I) ] . (30)

If we substitute the resul ts of Eq. 30 into Eq. 27 and then into Eq. 24, and
neglect the t erms ~~‘~ 2 and [SX ’12 in comparison to V2 Dx (see Appendi x A) we
obtain the results for the mean square wander angle of a transmitter laser beam as

wD4I 2 )
= 2 2 J xdx V2 D,,,(t2 1) exp(4B

~
(Dx)1 M6

(x) , (31)
2 k P  0 p 

~ rDx
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where M 6(x) is the normalized overlap integral (MTF) due to the aperture (Eq. 8)

and l~ is the unifor m irradiance at the aperture. Since all propagation paths are

far above the ground, we neglect the ef f ect of the outer scale on the wave
structure function D.j ,. (If the beam diameter becom es equal to or greater than the
size of the outer scale then the outer scale eff ects must be included in Dv,. The
outer scale is approximately equal in magnitude to the height above the ground up
to several hundred meters.) Then~

3
~

D,1,(I~ I) = 2 [P/P 0(z)]
51’3

~ (32)

where p0 is given in Eq. 3. Taking the Laplacian of ~
. D~,(~p~) yields

5/32~~~ 25
9p0

513 pl/ 3  (33)

Using Eq. 4 in the form

p~,
513(z) = E S

~
3z D &’3 (34)

yields

400 E5”3z I 4B (Dx)
= 

2 2 2 ~ x2
~
’3M

6 
(x)e X dx, ( 3 )

9 ,r(kD) (1-6

where M5 
(x) and B~ are defined in Eqs. 8 and 9, respectively. For weak turbulence

Bx = is very small and the exponential factor in Eq. 35 can be neglected. We
will include thi s factor for more exact calculations but for the engineering
form ulas, developed below, this term is not necessary.

The fi nal result under weak turbulence conditions for the 2-axis mean square
wander angle for a transmitted beam is

A <O,~> = ±!?.q 
2 1 x2”3M6 (x)d x. (36)

(kD) ( 1—5 ) 0
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B. STRONGTURBULENCE LIMIT

The principal difference between the weak and strong limits of turbulence is
that under strong turbulence the fields are statistically norm al while in the weak
regime they are statistically log-normal. This leads to significant difference when
treating the ensemble average expressed in Eq. 24. We will perform the ensemble
average in two ways. The firs t follows the technique used in Eq. 27 of using
limiting operations and taking the derivatives outsi de the ensemble average while
the second takes the derivatives of U0 before taki ng the ensemble average. The
two results are identical verifying the fi rst technique used here and in the previous
secti on. Following the method used in Eq. 27, the determination of
r (r 1, !2’ r3, ~~) is required under strong turbulence conditions. For strong
turbulence conditions the field statistics are jointly normal. Hence,

=

+ <uj 1)U *(~~)><u (r2)U 0cQ> (37)

where uncompensated phase terms have been neglected si nce they will average to
zero very rapi dly due to the high optical frequency. Fante~

9
~ has shown the

existence of a long range correlation tail besides the terms given in Eq. 37. We
will show that this tall does not contribute significantly to <O~ > for large z~, in
appendix B. For strong turbulence, it has been shown that the second order
correlation function is the same as for weak turbulence, i.e.,

= (U 0(r 1)Uj r 2)) = expI—~ D,j ,(tr i—r 21)] (38)

which implies that the fourth order correlation function for strong turbulence is
giv e n b y

-24 -



1:3~ ~~) = exp[-~~ D~,(Ir i-r2 t ) -~ D,~,(fr ~-~~ )1

+ expE-~ D~,(!r1-~~!) -.
~ 

D~,(I1:2-~3I)J. (39)

Performi n g the gradient and limiting operations yi elds

lim 22~i3 ~ 1’ 1:2’ 1:3~ r..~
) = ~ [v

2
pD,p(I~I) — ~ (v~,D (I~ I))2]expt_D~~ pj )],

(40)

where p r - r ’. Substituting this resul t into Eq. 24 , performing the integration
over the sum coordinate and expressing the results in terms of € and z~ yields the
2-axis mean square wander angle of a transmitted laser beam in strong turbulence
is given by

B <OT > = 
2 f 11 [1-(~ x)5”3z~JM6 

(x)exp[-2(ex) 5”3z~Jdx.
9 ir(kD) 2(1—52) 0

(41)

This is the main result of this section.
Note tha t in ver y strong turbulence an asymptotic formula may be derived

from Eq. 41. For this case, the scale on x is very small due to the exponential
factor; therefore, M6 (x) may be replaced by M6

(0) .~(1_o 2) and the limit on the
i ntegral extended to infinity:

• 
<4>asym. = 2

2 f(1-y/2)e~ ’dy = ~~ (kD) 2(1-S 2i~. (42)

This implies that in very strong turbulence the rms wander angle of the transmitted
laser beam tends to a constant which is of the same order as the diffraction limited
angular spot size of the aperture.
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We now ret urn to a consideration of the second method of determination of

the ensemble average expressed in Eq. 24. First we note that the fi eld U0 may be

expressed in terms of its real and imagi nary parts (X ,Y) which are statistically

i ndependent and distributed norm ally with zero mean and the same variance. The

ensemble average becomes

e = ([X(r) + iY(r)][~ X(r)- iVY(r)] . WX(r ’) + iVY(r ’)IEX(r ’)-Y(i ’)I)

= (I ~ ~ r(
~C~~~ 

+ Y 2(r)] - i[X(r)
~~

Y(r)_Y(r)Vr X(r) 1I . ~~~ (X
2(r ’)+Y 2(r ’)]

+ iEX (r ’W~ Y(r )_Y(r Wr~
X(r ’)]

~ ). (43)

Expanding out the product , noti ng that the ensemble average of an odd number of

terms is zero for gaussian statistics, that X2 
+ Y2 is the intens ity , and that X and

Y are statistically independent and distributed identically yields

= 
~ ~~~ 

(I(r)I(r ’)> + 2<X(r)X(r’)>Vr Vri<Y(r)Y( !’)>

- 2Vr,(X(r)X(r ’)) 
~!r

<Y(
~~

’
~!

’)>’
~ 

(4~ )

Fante~
9
~ has shown that the intensity correlation is

(I(r)I(r ’)> = 1 + exP-D,p(Ir—r ’ I)  + TAIL. (45)

We drop the tail term which is small (see appendix B). The correlation of the X , or

Y components of U 0 is

(X(r)X(r ’)) = <Y(r)Y(r ’)) = exp[- ~ D~,([~-r’I)1. (46 )

The ensemble average of € becom es
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= 
~ ~l) — I ~~D,,( I~ I)I 2 j ex~ E—D,p I~J)J~ 

(47)

which is identi cal to Eq. 40 and completes the proof. In the next section we
consider a simple connection formula between the weak and strong turbulence
limits.

C. <4> CONNECTION AND ENGINEERING FORMULAS

We now have an equation for bot h the weak and strong tur bulence regimes,
given by Eqs. 36 and 41. respecti vely. We will connect these formulas smoothly
and accurately to order z~~

11’3 (i.e., to order 4) as follows

<4> = A+Bz~
1
~~

3

1+z 11/3

= 
400 E513z~ tx2/3M6 x ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

9w(kD) 2( 1—5 2) (1+z~
”13) (48)

where A and B are defined in Eqs. 36 and 41, respectively. We have used this 2-
axis eq uation to calculate the focal plane 1-axis root mean square (rms) wander
angle of a transmitted beam. The results are shown in F igures 4-33. The curves
show the rms wander angle in microradians vs the propagation range. Each figure
is for a parti cular wavelength, strength of turbulence, and obscuration ratio, as
indicated on the figures. Each figure contains four curves each of which is for a
different aperture diameter. Figures 4-27 are for diameters of 0.1, 0.2, 0.3, and
0.4 m while Figs. 28—33 are for 0.25, 0.5, 1.0, and 1.5 m with the sm aller diam eter
curves lying higher in the figures. Each curve is qualitatively the same with the
rms angle increasing as zn

h hl2
~ reaching a maximum then falling to a constant value

depending (weakly) on the wavelength, obscuration ratio, and aperture diameter.
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An engineering formula suitable for hand calculation has been determined
from Eq. 48 which Is valid for obscuration rati ns up to approximately 0.5. Using
the asymptotic limits given by Eqs. 36 and 42 , gives an engineering formula for the
total 2—axis mean square angle of arrival as

<92 — 

400 E5”3z~A(S) 
+ 

0.5z~”3(1_6 2)
T> — 

(1_62) 9T(kD) 2[1+Zn
ll/ 31 1+~~ e

5’
~z~A(6)

where
1+6

A(S) = [0.27534(1+6h1~’3) — 0.6w (~~.~)
5/3

+~(_T x2”3

x 2~~ + 4x 2sln2 a

X [cot(a-~) _ cotalldx

~ 0.275 — 0.989 ~2.29
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-58-

- 

- - _ - _ - — - _ - - - - - - -- --- •-~~~~- - - - • - - - - -- -



_ _ _ _  
- - -~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~ ---—~~~~~~~~~~~~~~~~

V. ANGLE OF ARRI VAL OF A POINT SOURCE

In order to determine the angle of arrival of a spherical wave in a receiving
aperture due to a poi nt source in the laser target plane it Is necessary to calcuiate
the ensemble average as given in Eq. 25. Maki ng ise of Eq. 27 , we note that the
required ensemble average is

Uj 1) U r 2)U 0(r3)U~~~ )
rçrl,!2, r3,!4)A~~( 

(fU0(&u~~~)d
2P)2 ). (50)

Consider the integral of the intensity over the aperture. For weak turbulence the

intensity does not fluct~~te much from the vacuum limit and the integral can be
taken outside the ensemble avera ge. As the strengt h of tur bulence increas es the
ampli tude coherence length decreases with its maximum value being approximately
equal to j~~ii~ and decreasing to a value of t he order of the phase coherence
length p (z). For the range of aperture sizes we are interested in, there are many
amplitude correlation patches withi n the aperture. The central limit theorem

• 
. i mplies that the i ntegral of the received intensity is then a normally distributed

random variable. By noting that U 0 is norm ally distri buted under strong turbulence
conditions, an approximate result may be found for Eq. 50 as follows. Let x be the
norm ally distributed random variable representing the integral of intensity over the

aperture. Then
oo~~

[fUo(~)UJ~)d2
p] = u r n  ~~~~~~~~~~~~~~~~~ sirryx. (51)

Expanding the sin fun ctions i nto exponenti als yields

sinax sirryx =

We next sii stitute this expansion into Eq. 50 and consider each term in the
ensemble average separately. Let 13 = +(u +i), then for each term
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(U (r1) U r 2) U r 3) U ( ~~)e ’13’~> = 
~~~~~~~~~~~~ ~~ 1 ~ ~~W3 ~~4<’~P I i  Uj r1)

+ w2 U~,(r 2)+w 3U (Q+w4U*(j~ )_j 13x~)~ (52)

Since all the factors in the exponenti al are norm ally distribu ted with zero m ean,
the ensemble average on the righ t hand side of Eq. (52) becomes

exP
{ 

-i13 (x>+ ~([w1 U1~w2U2+w3U3+w4U4 -i13(x-.c~~)J 21

We have simplified the notation letti ng the posi ti on coordinate be indicated by the
suhecript on the field variable. Tills exponential factor written explicitly yields

( exp w1 U1+w2 U2+w3U3+w4U4’t> exp 
f 
-i13(x>-1/2 1321(x 2)-(x)2J

x exp i13((x_<x>)(wi Ul+w 2 U~+w3U3+w4lJ~))~.

The cross term between (x-(x)) and the field variables U is zero since the U’s are
norm al and there are an odd number of field variables in the ensemble average,

= 0. This impli es that the ensemble average shown in
Eq. 50 becomes

F(.~l~.~2~!3,.QA = 1’!2’!3’!4) (
(fu 0~~u0~~ d2p)2 ) •

This means that for  strong turbulence, the angle of arrival for the receiver case is
modified by a multiplicative constant which is the normalized ensemble average of
the square of the integral of the received intensity over the aperture. That is,

< T “ 
(fi0~~~d~~

2 .
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For weak tur bulence the resul ts for the transmitted beam and receiver case are
identical.

We m~~t now find (1/x2). We have already shown that the ensemble
average of one of the exponential factors in the expansion of the sin terms of Eq.
(51) is given by

exP -f-i 13(x>-.~- f l 2Kx 2>-(x)2
J J ,

where 13 = +(a + y). N ow let

- irI D2
a = <x> = JU 0

(~ )U 0
(~ ) d2p = ~ (l-.d~),

and

a2F =

= f f r  U0 1)uJ~1m0~2)uJ~2) >  - (U0(~1)U~~~1Y)(U0(~2)Uj~2)>Jd
2p1d2p2

= ~~~~~~~~~~~~~~~~~ d2p1d2p2

= 1I 2D4
0J

Jb
xM6 (x)exp[_2E5/3z x 5/3Jdx. (55)

For very strong tur bulence and 6 <0.7 an asymptotic expression for F can be found
by approximating M 6(x) = M 5(0) = i_ ö 2. Then

F = 48 r(6/s) [2E 5I3 z~
l-

~
15, (56)

5ir ( l—ö )

and upon taki ng the ensemble average of Eq. 51 we obtai n that
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(1/x2
> = lim 1~ da me sinax si~~x

E—.0 00 00

= - u r n  I da &y (ex [-e(a +i)1 ( expt-U.5(cr + i)2a2F)
E —.0

-~~ x cos (a4i)a - exp[-0.5(a-i)2a2FJ cos(a-.~)a) ) (57)

- • For the term with a + y alone we change variables by letting j3 = a + ‘y and the
integral becomes

u r n  ~~~~~ J 1 3e
_

e
_a F 1 3 I

~
2c~os13a

- i a
= u r n  fada e

_ (
~~e~~

2
~~~

2 112 cos aa

= 

f~ada e
_a21~~

2
~2cosaa

= 
~~~~~

_ 

j~
u-a fsinaa e a2Fa 2/2

da]

The second term is treated in a similar manner by letting 13 = y-a. This term then
becom es V

• u r n  ~~~~ ae 2 ~a
_/  d$e E13e

_a2F132/2cospa

= -Urn ~~~~ae Ea e~a2F a 2/2 cosaa +2E ae 2E a
E— .0 0

~~~~~~~~~~~~~~~~~~~~

= _
0fad a e~~~~~~~/2cosaa

= 
_
-+-[i _ a/ si naa e

_821~~
2/2da}.
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Therefore
00

r ( 2 2
• - 

. 

(l/x 2) = 4- li-a ~‘ sinaa e~~ 
Fa ‘~

2da
a~F [  k

00 ( 1)  —

_ 1 [ l E  ~~P
— 

~ L ~ k=0 (2k+1)!!

Not e that an asymptotic solution for <l/x 2) can be found when F is very small by
considering the int egral

~~~~~~~~ o’~ 
ada ecsaa e e ~~

2F0b 2 1~’2

and expanding the term containing F as
00

<1/ x2 ) = urn L a 2
~~~ da c ae e~~

a

= - 

~~ 

(2 n+1)! 
(~~ 

)
n 

- 
1 [1+3F+15F2+ -  •1 (59)

Finally we have tha t the correction factor for the receiver case is given by Eq. 58
multiplied by ~2

• We have shown that F behaves as z~~~
”5 fir Z~~ >> 1. Since we

have neglected contri butions from the tail in the intensity correlat i on, which vary
as z~~’~

’15 in the determination of it would be consistent to set the
correction factor to unity. What is interesting is that the correction factor is
greater than unity fir  small F then decreases below 1 for larger values. A plot of
the square root of the correction factor vs F is shown in F ig. 34. Note that the
approximation breaks down when the central limit theorem is not valid , which
probably occurs for F values greater than about 0.2.
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VL CORRELA TION BETWEEN CENTROID AND TILT ANGL E OF ARRIVAL.

• . Besides using the centroi d met hod to defi ne angle of arri val it is possible to
define the angle of arrival by mi nimizing the mean square phase error across the
apert ure, as previously done by Fred .~

8
~ This tilt angle is defined for the x-

direction in weak tur bulence by

= 
fx~(r)W(r)d2r 

(60)
~x irfr W(r)dr

where ~(r) is the phase as measured by interferom etric techniques and W is the
aperture function fir  the i ntensi ty rather than the field. These two methods can
be compared by calculating the corresponding correlation functi on, i.e.,

2 2 1/2
~~~~~ = <.~

. e >
1
/~<ep>. < on>] 

(61)

where we have already defined the centroi d wander angle (see Eq. 24) as
• 

fW(r)U (r)[V U ’(r) W (r)Jd 2r
= _ L E — 

0 —r o— —

—c W(r)I I(r)d r

Assuming a uniformly illuminated aperture we have

‘2 ~~ .Ir~(r)d~r
= _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

—p p 
[ff

R2_P2 / 4 D ø (/~ J)d 2Pd2 R]”2

and

1/2 
_i~/~fUo(r)!rU;(r)d 2r

— c 
J~D2I

0[j 
dx Vp

2 D
*

(IP
~

) Mo (x)]’~
’2 

~

-67-

I
— 4

L ~~~~~~~~~~~ - _ ~~~~~~~~~~~~~~~~



Therefore the correlation function is (setting 10 = 1)

-i 2 f J r’ !rUjr)J~
(r ’)Uo(r) d2rd2r’ V

C OcOp 
= 

~J~ D2[1f(R
2_P2/4)Dø(IPI )d 2Pd2

R]”2[f
1 xdx ~

2D~,(J P f ) )  M6 (x)] ”2 
.(62)

I \5/3
For weak turbulence condi tion we assum e that D~ = D~, = 2(~._) and using the
results of Ref. 11 we obtain that

- ~~ !rlo~~~~~~’)tbo(!) d2rd 2r ’
C Op Oc = 

~ ,rD4 E 5/3z [jx
2/3dxMo

(x)}1/2 ENo J h/2 
(63)

where N6 is given in Eq. 15. For weak turbulence conditions, the ensemble average
of •(r’)U 0(r) v,.U Jr) can be shown to be equal to -h VD~(Jr-r ’!) by met hods si milar
to that used in section TV -A. Hence

r ’~ V D (I!-!’I )d
2rd2r

~~ 
C 

— 

5/3 ir D4 E 5”3z~[N6 ]1/2[ / x2/’3dxM6 (x)dxj hh’2 V

/ 
x8”3 M (x)dx

~~ [N6 J 1I’
2[f x 2h’3M6

(x)dx]hhI2

For 6 0, the i ntegrals in Eq. 64 can be perf ormed analytically yielding

C9 ~ 
= 0.9919.

p c

A plot of C 9 ~ 
vs the obscuration ratio is given in fig. 35. Note that a high

degree of corr&a%on exists fi r  all values of 6 , i.e. at 6 = 0.7, C is still
= 0.9602. p c



For stro ng tur bulence conditions z >> z5, this analysis is not valid since
“phase” is not a measura ble quantity . Phase is determined analytically from a
diffraction or i ntensity m easurement. On the other hand the angl e defined by the
centroi d is a measurable quantity. Once a met hod of tilt determination by a least
squares fit of phase over an aperture is defined in terms of meas urable quantities
we will be abl e to compl ete the analysis under strong turbulence conditions.
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VII. ENGINEE RING FORMULA FOR LASER BEA M PROFILES

It has been showiP0
~ that an engi neeri ng formula  giving approxi mate resUl ts

for the far fi eld pattern of a uniformly illuminated aperture without tilt correction
can be writt en as

1(9) = T I R  exp(-&2/9~) (65)

where T is the atmospheric atten uation factor due to absorpti on and scattering, 10
is the peak vacuum irr adiance, 

~~ 
the 1 sigma (eq) angular di vergence of the

beam is given by

= 9~acf 
m 2 

+ D2/[2p~(z)J + ~j
2/8~a~~

} 
(66)

~~ac = 2X 2/(t D)2

is the 2-sigma rms j itter angle, R = 
~~~~~~~ 

and m is the aperture diffraction
limited perf ormance factor. Under weak turbul ence conditions it has been
shown~’~~ that the short term average (i.e., tilt corrected) beam profile is similar
to the beam profile in the absence of turbul ence. The diff erence is that the
smaller turbulence scales cause wide angle scattering with the result that the
central lobe decreases in value compared to its vacuum value. This decrease in
i ntensity can be described heuristically by a factor e(-~~ ), where

~ 2.51 x 10 2 E5’~
’3z~. it is also known that as the turbulence strength increases

that the short term average intensity approaches the corresponding long term
H average value. For this reason we write a general formula for the tilt corrected

far field or focused laser beam profile of a uniformly illuminated aperture as
2 2

m ~2 ~~~~ ~~~~ ‘ETC
~~ U v ~~~~~~ ,e

1TC~~ 2 (67)
9TC

-7 1-
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2
e B+z 11/3

F(~~~,z )  = 
i÷~~

1
~ /3

9TC = 9~ac [m
2 + 0  9vac (E

2z~
6”5 _ -~~

Q 
~
5’3znI)], -j

11/3 ~2
• A 11~ 

0.5z ( 1—u )
— t1~UJ fl
—

n 
— l + .~- , E z,1A(6)

and A(6) is given in Eq. 49. Note that Eqs. 66 and 67 contain the same symbol fir
the effect of laser platform j itter on the system performance. These are not the
same quanti ti es since til t correction can correct fir  a great deal of platf orm jitter.
The quantity 9~ in Eq. 67 should be considered as the uncorrectat~e or residual
jitt er.

In this report we have been concerned with the eff ectiveness of til t
correction as the strength of turbulence becom es m ore prono unced. We have fo und
that as the strength of turbulence i ncreases the m ean square an gle of arrival of a
transmitted bea m increases linearly for z < z 5 reaches a maximum (z — z5), and
then decreases fir  z > z~ to a constant whi ch is of the order of the diffraction
limited spot size of the aperture. This means that the effecti veness of tilt
correction decreases markedly fir z 

~~
, ZS. A measure of this eff ectiveness could

be found by divi ding the laser beam mean square tilt angle by the long term
average mean square angular divergence of the laser beam. When this ratio
becom es very sm all, tilt correction is not very useful. We have also shown that a
phase m easurement is sufficient to determine the til t correction wider condi ti ons
of weak tur bul ence; however, under strong turbulence condi tions it may be
neceasary to m easure the tilt of a received spherical wave di rectly in order to
perform the reciprocal correction. This di rect m easurement would requi re
measurement of the location of the centroid of Int ensity in the focal plane of the
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receiving aperture.
In this report we have given simple engi neering f am d a e  fir determination

of mean square angle of arrival (Eq. 49) and the relative peak j r  .n~ty of a tit
corrected laser beam (Eq . 67). For example, consider the ea~. - of fairly strong
turbulence with C~ = ~~~~~ m~

2”3 and X = 0.5 sm. The ‘st uration range is
approximately 4 k m , and p0(s8) = 0.75 cm. Usi ng an unot~ cwed apert ure diameter
of 0.25 m or (E = 33) and a propagation range of 10 km the 2-c root mean square
wander angle is 3.48 ~~ad and ‘rel = 5.8 x l0~~, I.e., no t Ot  correction is possible for
this case. At a range of 2 km the 2-g root mean square wander angle is 7.94 j~rad
and ‘rel = 6.1 x 10~~ which represents about a 30% improvement over the
uncorrected tilt case.

This i mprovement factor cbes not seem suff icient based on our previ ous
results in the weak turbulence regime.(10) In deriving the long term average beam
spread we assum e that the peak on-axis intensity is di rectly related to the beam
spread, i.e., that a gaussian profile resul ts under turbulent conditions. From this
we have f ound that the turbulence i nduced beam spread additive factor is

• 
~va~ 

D2 [2p~(z)J~~ = 
~va~ 

2 
~

615a

This engineering formul a  has proved very eff ective in the past, icr small values of
D/p0(z) (�1O), in determining long term average spread fir general aperture
distri buti ons which were gaussi an and truncated. If we use the results fi r  the peak
on-axis intensity for a un if ormly illuminated aperture for large values of € , we
obtain the asymptotic value

-~ 

- 

I~ ~ 4.4072 [p~ Z),D2]I0

where 10 is the peak I rradiance without turbulence. This m eans that we could
modify Eq. 67 such that ~~~~~ would be divided by 2.204. for the second case

• given above, ~~ = 0.5, 1rel would then be approximately = 0.03 or an improvement by

— -~~~~~ I __________ _ _ _ _ _ _ _ _
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a factor of 75 over the uncorrected til t case.
This process of sti)tracting the mean square wander angl e from the long

t erm average beam spread deser ves further examination. We have shown pre-
vi ously(1

~~, fi r  weak turbulence conditions , tha t if the instantaneous phase
aberrations of the atmosphere are corrected to fi rst order , i.e., fi r  tilt, defined by
a least fit of the m easured phase of the return spherical wave over the
transmitting apert ure, then the transmi tted beam profile looks like a vacuum beam
profil e with a gaussian halo caused by wide angle scatter i ng. The intensi ty profil e
of the long term averaged bea m is gaussian however; theref ore, the two beams,
corrected and uncorrected, do not look the sam e and the wander angle should not
be subtracted from long term beam spread to get the appropri ate short term beam
radius or peak on-axis irradiance fir the til t corrected case. In order to obtai n the
engineering form ula 67 we used the engineering equation obtained from examining
the til t corrected laser beam profile fir weak turbul ence (Ref. 10) and extrapo-
l ating the resul ts into the saturation regime saying that eventually the results
should return to the long term average result s as z > >  Zn• This process is extremely
suspect and must be examined in a more critical m anner.
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APPENDI X A
VERIFICATION OF THE NEGLE CT OF THE (Bx’)2 AND

(SX’)2 TE RMS IN WEAK TURBULENCE

In this appendix we will verify the neglect of the terms (B~~)2 and (SX’)2 in

comparison to V2D in Eq. 30 under conditions of weak turbulence. To this end we
note that Tatarskii 2 has defined structure functi on terms

D1(p) = Q•Q33~.2 
~ P(~) k 2zC

~
Xm

5t3 
[1

F1 (_5/6~i~.. 
Xm

:P
2) _i] 

2 

A—i

D2(p) = o33~~
2
~~~r(~ ) ik 3c2 x _l1/3j i Fi(.. 11/6 , 1, - 

Xm P

- 

(
~ + ~~n~~

i)

1h/6 

~~F1 (- ~~~~, ~ 
X~

2 P2 

(i + ~rn
2
~~~~l ) i~ 

I
A—2

where 1F1 is the confluent hypergeom etric functi on ’2. The wave, log-amplitude,
and XS structure functions are defined in terms of D1, D2 as

D1p(P) D1(p) A-3

Dx(P) = ~ [D1(p)-Re D2(p)J A 4

Dxs(P) = ~ ImD2(p) A-S

end we defi ne the param eters

2 2~_ “m~~~. 8.8p . X1n 1J 5.6ALg 4 -~~~~~~~ Q -  k

I
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where is the i nner scale. Noti ng that the structure function is related to the
correlation function by D(p) = 2(B(0)-B(p)J and that the results for the structure
functions for a spherical wave are related to that fir the plane wave (Ec~ . A-i and
A-2) by replacing p by sp and integrating on s from 0 to 1 we can proceed by
considering different regi mes on p. Firs t we are generally interested in the case
when XL >> X~. Since the inner scale is of the order of 1 mm and for X between
0.3 and 10 ~zm and 10 cm < L <10 m this condition is satisfied. For g << 1 or p
smaller than the inner scale

D1(p) ~ 
0.0331r 2

T(
~ )

C 2k2LX 1/3
P

2 A-6

D2(p) •~- 
exp(~ ~ ~ ~2~~r~1)] Cn

2k’316L516
P

2 A-7

Now f or this regime

V2D~, = 1.09 C 2k2LX h1’3, A-8

I 2 !2
= 9 c 2k2Lx 1/~

1
i_ o s 7 (~1)6 p2 A-9

2 [o.O71C 2k’3
~
’6L5

~
’6 2

[Bx5(P)] = 
L 

n p2 A-lO

Therefore

8IBx(p) 1 2 f2 ir X 2\5’6
4, � 0.126 

~T ‘~ ~~~~T ° J ~~ 1 A— il
V~ D ‘“ .

~ “

Simil arly

8[B(s(p)]2 
� 1.9 x 10~~ c~ (2t~~

)hh
’s 

<< 1 A-12
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For the i nner scale region the neglect of the extra terms (R,~)2 and (B,~,5)2 is
therefore j ustified.

Consi der now the region A < p ~ For p > A we know D (p) =
2[p /p 0(z) ] 5 and we have shown that

V2D~,(p) = q 
~~~~~~~~~~~ 

A— 13

For p bet ween the inner scale and the Fresnel radius Tatarskii~
2
~ has shown that

D 1D A-14
X 2~~ b

‘ 2  25 4/3F or this reason (B ) = 10/3 (1 and
36

8(B’x) 
= (e\5”3 

= ~~ i A—i S
V2D~, \POJ 

L

In order to determine B~8 we must expand the confluent hypergeom etric function
given in Eq. A-i. Expanding Eq. 47.29 of Ref. 2 we find for g/Q<1 that

BXs 
= -

~~~~~ C~k3plL’3 [1 + ~~ (g/Q)1116J A—i6-i

- 
- where

— 
0.03312 36~_(1)

Ic — I i7\~11/3 A— 16— 2

- ‘ Using Eq. A-16

8(B~ .5 ) 
= 0.01 2 ~~~~~~~~~~~~ i A—1 7
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Finally we consider the case of p > For this case

Dx = a~
(l-bx) A-i8

and

- - ‘ — 1 2 , — 0.02 42 (7\  I k \ 7”3 —1 0/3Bx - _ V 7rbx - - 2 \U \~~ / P A-19

where we have used Tatarskii’s definition of bx . Then

= 0.0265 4(!~2j ) 6 << 1 A-20

Also

= 
_~~[cJC~k3Pl~ h’3(l ...i-(i~) (~~

-) 
11/6

1 1 .  ~~ [F (— 1~~, i , _
~~~

) _ 1J !)

A-2 1

where [ci has been defined by Eq. A-i6.2. Using the asymptotic expansi on for
F (—li / 6,—11/6,— ig/Q) as

F ( — 1i/6 , — ll/6, — ig/Q) = 1 + 1( 1 1/ 6 )  (Q/g) — 

2!

— ~ 
(11I6) 2(5 / 6~ (i/6 ) 2(Q/g)3 

+ A—22

the asymptotic value of D
~s is

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A-23
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Then

8(B ’,~~)2 
= .56Q~(-~~

’
~ c~( 1 A-24V D ~, \ p /

which completes the analysis and verifi es the neglect of (B,k. )
2 and (B~ ~)2 terms

from Eq. 30 fir all regions of p.

- 
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APPENDI X B
THE EFFE CT OF THE FOURTH ORDE R CORRELATION TAILS ON

Recall that the calculation of the m ean square wander angle invol ved the
determination of the ensemble average of the int ensity correlation function
<I(r)I(r ’)>. Fante 9 has derived an iterative soluti on to this correlation function
under strong turbulence conditions. To the second order in the iteration procedure
the int ensity correlation is

<~
(
~1)~

(
~2)) = I + exp — D~,(Ir 1—r 2~) + 2 2 / 5 

fr3 [0
R

15] + ~[(a~)3”
R]} B—i

where

~2 = 4G 2 — 4  11/6
1 T Z

r —r
— r — — 1— 2
— 

(Az) ’’2 
— 

(Xz ) L’2

g(W ) = 0.27 0tdt (8/3(1~cos t) /dse~~J0
(~~43 ~

8/3S 3m W) B-2

(C~) ’5
f 3(R) = 1.19 G~ y516dy / f

1 1/ 6 .2 tj  
[(~~~~~

/ 2 I

x exp j —~~t5”6Y5”6[4.26—2 .66 y 1) dt B—3

Now (~ 2)3/11 R = 0.226 Ex , i.e. g(W ) is i ndependent of z . Therefore, the
contribution of g(W) to <82) must go like (~y~) 2/S or ~~ 

1l/1~~where ~~~ 
2/5 is

the preceding factor of g in Eq. B-i. For lar ge z~ this contri bution can therefore
be neglected. The contribution due to Eq. B-3 is much harder to determi ne. Firs t
take the gradi ents s hown in Eq. 32.
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5E
2 5/6

T~~2 . V ,  [(a2r215f (R)J = 
2. zfl 

J
y

_ 1/6dy

x J
’
~

.5/6~in 2t exp[— o~ t5”6y 5”6(4 .26 — 2.66 y)I

1/2
x 0 ~~~~ (44.8)°’6z~”2 B-4

Not e that x is the normalized aperture integration variable. Change variables by
setting w = tT~~t

5
~
’6

y
5”6 , then

2 7/15 1 °° 6/5
T = 1.59 ~ 

0
fy

h/3dY /w~~15dw si n2[

—w(4.26—2 .66y) _________x e J~, (0.362 11/10)

For the uniformly illuminated aperture, the contribution f rom T is found by
perf orming the double i ntegration over the apert ure which yi elds

= -~i-2 ffT& &

= 12.63 e2z 7/15 
/~_ 1/3 dy j~~ f5 dw sin 2

“ oJ y(Q1)

-w( 4.26-2.66y) 1J1(Q)

L Q J B-6

v.
~I

U I  -

-* 2-

-
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Divide the w integration int o two regi ons which are less tha n or greater tha n
(5. 52/~~~”~ z~

’1”6. In the latter region , the Bessel function term is less than
unity and the exponential factor which is smaller than exp - const where

= 27.59 C5’~. The factor z~
7 115 e (_ const ~ “6) goes to zero very

rapidl y wi th  and can therefore be neglected. — 
-

The remaining integral is di vi ded int o three terms which depend on the
range of y integration. These are
(w Io~) 615<y �w 3’5/5.52 z~

11”0, and Ew 3
~
’5/5.52z’~~~

0
<y � 1. For

the exponenti al is replaced by exp(-1.6 w). For the first ran ge the sin function can
be replaced by 1/2 while in the ‘ast two ranges it is repl aced by w ~

‘
~/y 2(C

1) ~

In the fi rst and l ast ran ge the Bessel function factor is replaced by unity while  in
the middl e range i t is replaced by the asym ptot ic approxi mat i on f or large
ar gum ent , 1./ sQ 3. For the fi rst ran ge

< 8> T1 = 
12.63 E 2z 7115 

JP’~~~~/5 _l 6W ]p2 1/3

6 25E 2 Up i — 1 6w
= 

~~ 2 f e dw
k D z  Jn

= 13-7
k2 D2z

where

- 

- 
Upi = (~~.~i)

5”3
~~~11/l 6

2 6 / 5Up2 = (w/C1)
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This term decreases like z~~ and can therefore be neglected. The contribution
from the third range is

<8 >T3 = 
k 2 D2z~

5
~~~

5 I y 713dy

2 9 76 ~~~~~ 
22/1 5

— 0.605E 1 8/5 —1.6w W 

1— 

k 2 D2z 59
~
’15 r’ 

W e - —

k2 D2z~
37115 0’ 

w4/’5e
_
~~

6W ôw B-8

where

=

This t erm goes like Zn
371

~
5

• Theref ore it can be dropped. The mi ddl e range gi ves

—1 33/10 Upi dnl
= 

~~~~~~~~ ~~J 
~~~~~~~~~~~~~~~~ y 213dy

Upi
= 

14.59C~~ zn
_ 19/30

f w~~’Se~~
6Wdw [(C/5.52)5/3wZn

_11/6 
— w2 c~~~2]

~ zn
_37/15/UPl

w4/5e_1•6dw B— 9

i.e., this term also goes like and can also be dropped. This concludes our
proof that the tail terms can be negl ected in the determination of the m ean square
wander angle of a transmitted laser beam.
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LABORATORY O PERATIONS

The Laboratory Operations of The Aero space Corporation is conducting
experimenta l and theoretical investigations necessary  for the eva luation and
app lication of sc ient i f ic  advances to new mil i ta ry  concepts and systems. Ver-
sati lity and flexibili ty have been developed to a hig h degree b y the laboratory

per sonnel in dealing with the many problems encountered in the nation ’ S rapi dly
developing space and missi le  systems . Exp e rtise in t he latest scientific devel-
opments is vital to the accomplishment of tasks re lated to these problems. The
laboratories that contribute to this research are:

Aer ophysics Laboratory : Launch and reentry aerod ynamic s , heat trans-
fer . reentr y phys ics ,  chemical kinetics , structura l mechanics , flig ht dynam ic s ,
atmo spheric pollution , and hi gh-power gas lasers.

Ch emistry and Physic s Laborator y : Atmospheric reactions and atmos-
pheric optics , chemi c al reactions n polluted atmosp heres , chemica l reactions
of excited species in rocket plumes , chemica l thermod ynamics , plasma and
la ser-induced reactions , laser chemistry,  propulsion chemistry, space vacuum
an d radiation effects on materia ls , lubrication and surface phenomena , photo-
senSitive materials and sensors , high precision laser ranging, an d the appli-
cation of phys ics  and chemistry to problems of law enforcement and biomedicine.

Electronics Research Laboratory : Electromagnetic theory, devices , and
propag ation phenomena , including p lasma electromagnetics ; quantum electronics ,
laser s , an d eIe ct r o~ opt ics; communi cation sciences , applie d electronics , semi-
con ducting, superconducting, an d crystal devtce ph ysics , optical an d acoustical
ima ging; atmosp heric pollution; millimeter wave and far- infrared technology.

Mater ials Sciences Laboratory : Development 0f new mate r ials; metal
matrix composites and new forms of carbon; test and evaluation of graphite
an d ceramics in reentry; spacecraft materials and electronic components in
nuc lear weapons environment ; app lication of fracture mechanics to stress cor-
rosion and fatigue-induced fractures in structural metals.

~p~ce Sciences Laboratory : Atmospheric and ionosp heric physics , ra dia-
tion from the at mosphere , dens ity and composition of the atmosphere , aurorae
and airg low; magnetosp heric physics , cosm ic rays , generatio n and propagation
of plasma waves in the magnetosp here; solar ph ysics , stu dies of solar magnetic
fields; space astronomy, x- ray  astronomy; t he effect, of nucl ear explosions .
magnet ic storms , an d solar activi ty on the earth’ s at mosp here, ionosp here , and
magnet osphere; the effects  of optical , electromagnetic , and part iculate radia- 3
tion i in space on space systems.

THE AEROSPACE CORPORATION
El Segund o, Ca lifornia
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